Using Laplace Transforms to
Solve IVPs with Discontinuous
Forcing Functions

MAT 275



Example: Find the solution of the IVP

I / O) t<4 /
y©+2y +5y={1 r>q YO =1y(0)=-1

Solution: Rewrite the forcing function using the u.(t) notation:

y'"'+2y" + 5y = uy(t), y(0) =1,y'(0) = —-1.

Now apply the Laplace Transform Operator to both sides and simplify:

Recall that the operator is linear, so
distribute and move coefficients outside.

L{y"} + 2L{y'} + 5L{y} = L{u,(t)}
s2L{y} — sy(0) = y'(0) + 2(sL{y} — y(IO)) + 5L{y} = L{u,(t)}

—4s
s?L{y} —s+ 1+ 2sL{y} — 2 +5L{y} =

Distribute the 2.

e
Collect terms L{y}[sz + 2s + 5] —

E:-C.S“

Recall that L {z;c(a‘)]: —

—4s
+ s + 1.
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Now isolate L{y}:

—4s
e S + 1 Leave the ¢™*5 in one term, and all

L — + . else combined into another term
82 s(s24+2s+5) s242s4 5 checombuediomonerem

The solution is the inversion of the above expressions:

_ -1 e s N s+1
Y= s(s2+2s+5) s2+2s+5)

We’ll work on the term without the e ~*5 first. Note that the denominator s? + 2s + 5 is an
Irreducible quadratic over the reals, so we complete the square:

s+1 B s+ 1
s242s+5 (s+1)2+4°

This form exactly fits L{e?t cos(bt)} = ———. Thus, L1 { +S+1 } = e~ cos(2t).

(s—a)2+b2’



e~ %S s+1 }

From the last slide, we have y = L1 {5(52+zs+5) T oizses

—4S

Now we’ll work on finding L1 {5(52+zs+5)}' The e=* will result in u,(t) appearing in the

final result. So we mentally note this fact, then “ignore” it for the next few steps, as we rewrite
Into smaller fractions using partial fraction decomposition:

s(s%2+2s+5)

= + =
s(s?+2s+5) s s2+2s+5 s(s?+2s+5)

1 A Bs+C  A(s*+25+5)+(Bs+C)s

Equating the numerators, we have 1 = A(s® + 2s + 5) + (Bs + C)s.

Collecting terms according to powers of s, we have 1 = (4 + B)s? + (24 + C)s + 5A.
=0 =0 =1

Thus,Azl,Bz—landC=—3.
5 5 5



Since B and C were both
negative, the negative was

So now we have
factored to the front.

1/ 1., 2
1 5 =S+

s(s242s4+5) s \s24+2s+5"

Completing the square on the second term, we have s? + 2s + 5 = (s + 1) + 4. Thus, we
need tO have S + 1 in the numerator: Distribute the leading Multiply inside by 2 and
outside by 1/2 to prepare

negative sign.
this for an mversion.

5+E e +1-D+E i+ D+ s+ D S =(2)
(s+1)%2+4 (s+1)2%24+4 | (s+1)2+4 2 (s+1)?2+4

s2+4+2s+5

Finall h h -1 e *s — 7-1) ,—4s % %(S-I_l) 1 %(2)
inally, we have that L {S(sz+25+5)} =L ¢ s (s+12+4 2 (s+1)2+4 |

The whole solution is pieced together on the next slide.

(c) ASU-SoMSS - Scott Surgent. Report errors to
surgent@asu.edu



e =4S n s+1 }
s(s2+2s+5)  s242s+5)°

We have y = L1 {

From slide 3, we had L‘l{ st } = L‘1{ st } = e~t cos(2t).

S2+2s5+5 (s+1)2+4

F he last slid had L1 e oo a5t 1 @
rom the fast siide, we had L {S(sz+25+5)}_l’ ¢ 5T Grnzra T 2 rnzea)|

Combine 1/2

/ and 1/5
1 } 1

. — — p—t ¢
10 (s+1)2+4 1oe sm(Zt).

1

~(s+1
Note that L1 { 5o+ D } = ie‘t cos(2t) and L‘l{

(s+1)2+4

This gives u, (t) (% — %e‘(t“” cos(2(t — 4)) — 1—10 e~ (=Y sin(2(t — 4))), where we must
state the shift of 4 units to the right. The entire solution is

[y = e7t cos(2t) + u,(t) (% — %e‘(t“*) cos(2(t — 4)) — 1—1()8_(t_4) sin(2(t — 4))).]

(c) ASU-SoMSS - Scott Surgent. Report errors to
surgent@asu.edu



The solution of y"' + 2y’ + 5y = {(1)’ i i i, y(0)=1,y'(0) =—11s

y = et cos(2t) + u,(t) (— — Ee ~(E=Y cos(2(t — 4)) — e ~(E=Ysin(2(t — 4)))

« Whent < 4, then u,(t) = 0 and we have y = e~t cos(2t).

 Whent > 4, then u,(t) = 1 and we have

1 1 1
y = e~ tcos(2t) + T ~(=Y cos(2(t — 4)) — T0¢ ~E=Ysin(2(t — 4)).

« Att = 4, the function is continuous.

The graph is on the next slide.



Graph of:

y = e~ tcos(2t) + u,(t) (% _Llo=(t=9) g

1 _(t—a) _.
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<
Example: Solve y"" + 9y = {2 i . (1) - i : % y(0) =0,y'(0) = 0. (11)

Solution: We need to write the forcing function using u.(t) notation. 0.0) 5.0)

This is what the forcing
function looks like.

« When0 <t < 1, we have t, which does not need a leading “u” for now.
e When1l <t < 2, weneed to “turn off” t and “turn on” 2 — t. Thus we have:
\ /
t—u ()t +u(t)(2—-1t)
t —u(t)t + 2u (t) — uy(t)t pistibue
t + 2uq(t) — 2u (t)t  Collect terms
t+u, (t) (2 — Zt). Factor out the u(?)

Note that when t = 1, then u,(t) = 1, so that the last lineist+1:-(2—2t) =t + 2 — 2t,
which simplifies to 2 — ¢, just like in the original statement.

The IVP is now written y” + 9y =t + u,(t)(2 — 2t), y(0) =0,y'(0) = 0.



We have y"' + 9y =t + u,(t)(2 — 2t), y(0) =0,y'(0) = 0.
Apply the Laplace Transform operator to both sides:

L{y"} +9L{y} = L{t + u,(£)(2 — 2¢t)}
s“L{y} = sy(0) —y'(0) + 9L{y} = L{t} + L{u; (2 —w; () (2(¢ — 1 + 1)}

Distribute the u term. Build in the shift
SZL{y} + 9L{y} — L{t} + L{ul (t)Z — Uy (t)Z(t —_ 1) — Uy (t)Z} Distribute the u through

L{y}[SZ + 9] — L{t} — L{u1 (t)Z(t — 1)} The L{u,(t)2} cancel

1 2e™°
L{y}[s* + 9] = 7

g2

2”5

1
L — — _ Isolate L{y}
{y} 52(52 + 9) SZ(SZ 4 9)




1 2e75
s2(s2+9)  s2(s2+49)

We now invertL{y} = For L1 {52 (512+9)}, we use partial fractions to

simplify the expression:

1 A+B+Cs+D As(s?> +9) + B(s* +9) + (Cs + D)s?
SZ(S2'+'9)-_ s s?2 s?+49 s?(s2+9) '
The numerator at upper right is written in terms of powers of s: We'll use this same expression

again for the other inversion to
be performed.

As(s? 4+9)+B(s?+9)+ (Cs+D)s* =(A+ C)s®> + (B + D)s?* +9A4s + 9B.

Equating numerators, we have (A + C)s3 + (B + D)s? +9As + 9B = 1.

=0 =1

Thus, B = -, and sinceB+D =0,thenD = —= Slnce 9A = 0,then A = 0, forcmgC = 0.

Remember, L{sin(bt)}=b/(s2 21+p2 ).80 b =3,
and we need a 3 on top and 1/3 outside.

Wehave,y=L-1{ L }=1L‘1{i}—%-§L‘1{3}=ét—2—175in(3t), 0<t<l.

s2(s%2+9) 9 52 s249




. —1 2e } .
Now we find L {52 v The expression — (52+9) decomposes as
2 2(1 1
The =5 now inverts SZ (SZ 1+ 9) _ 9 SZ Sz + 9 . Same as last slide. B = 2/9. D =-2/9

to 2;1(1‘).

N —S
Thus,y = L o) = w5 |17 5 =517 )]

The shifts are written back in

.. 2 ~ 1 \
This gives y = gu1(t) ( (t—1) — gsin(S(t — 1))), where1 <t < 2.

The solutionof y"" + 9y =t + u,(t)(2 — 2t), y(0) =0,y (0) =01s

1 1 2 1
y = §t — ﬁsin(Bt) + §u1(t) <t —1— §sin(3t — 3))

Some simplification took place.

(c) ASU-SoMSS - Scott Surgent. Report errors to
surgent@asu.edu
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The graph ofy = %t — %sin(Bt) + %ul(t) (t —1- %sin(Bt — 3)) IS

(c) ASU-SoMSS - Scott Surgent. Report errors to
surgent@asu.edu
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