15. Vector Valued Functions

Up to this point, we have presented vectors with constant components, for
example, (1,2) and (2, —5,4). We now allow the components of a vector to be
functions of a common variable. For example, r(t) = (2t + 1, t? + 3) presents
a function whose input is a scalar ¢, and whose output is a vector in R?. Such a
function is called a vector-valued function and t is called a parameter
variable. The common notation is to write r(t) = (x(t),y(t)) for vector-
valued functions in R?, and r(t) = (x(t),y(t),z(t)) for vector-valued
functions in R3. The number of parameter variables can be greater than one.

Gt 0o
Example 15.1: Sketch r(t) = (2t + 1,t2 +3) for—1 <t < 2.

Solution: Let’s build an input-output table:

t r(t) = (2t +1,t% + 3)
-1 r(-1) =21 +1,(-1)%+3)=(-1,4)
—-0.5 r(—=0.5) = (2(—=0.5) + 1, (—0.5)% + 3) = (0,3.25)
0 r(0) = (2(0) + 1,(0)2 + 3) = (1,3)
0.5 r(0.5) = (2(0.5) + 1,(0.5)2 + 3) = (2,3.25)
1 r(1) = (2(1) + 1, (1)% + 3) = (3,4)
1.5 r(1.5) = (2(1.5) + 1, (1.5)2 + 3) = (4,5.25)
2 r(2) ={22)+1,(2)%+3)=(57)

We then sketch vectors for each t such that its foot is at the origin:

r(2)
r(0.5)
r(0) “r(1.5)

r(=1) r(1)
r(—0.5)

This looks like a mess, but it is a truthful and literal representation of r(t) =
(2t + 1,t? + 3) for certain values of t in the interval —1 < t < 2. However,
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when representing the graph of a vector valued function, it is common to only

show the posi

t=-1
t

tion at the head of the vector, and the curve that results.

“~.. The arrow indicates direction
of increasing values of &

o3

This image is

much cleaner, and we see that the path traced out by the heads of

the vectors given by r(t) = (2t + 1,t? + 3) for —1 < t < 2 forms a parabola.
Note that some of the t values are stated at certain points. It is common to place
an arrow on this path to show the direction of increasing value of the variable t.
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Example 15.2: Sketch r(t) = {acost,asint), for 0 < t < 2m, and describe

the curve that

is traced out by the vectors.

Solution: We build an input-output table:
t r(t) = (acost,asint)
0 r(0) = {acos0,asin0) = {a, 0)
/4 r(n/4) = (acos(m/4),asin(n/4)) = (aVv2/2,av2/2)
/2 r(m/2) = (acos(w/2),asin(r/2)) =(0,a)
3m/4 r(3m/4) = {acos(3m/4),asin(3r/4))
=(—av2/2,aV2/2)
i r(m) = {(a cos(m), asin(w)) = (—a, 0)
5t/4 r(57/4) = (acos(57/4),asin(57/4))
= (—av2/2,—a2/2)
3m/2 r(3m/2) = {acos(3m/2),asin(3m/2)) = (0,—a)
7 /4 r(7n/4) = {acos(7m/4),asin(7 /4))
=(avV2/2,—a2/2)
27 r(2m) = {(a cos(2m),asin(2w)) = (a, 0)
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The curve is below. The vectors are not actually drawn. Instead, the curve
formed by the placement of each vector’s head is drawn.

The curve is a circle of radius a, (0.a)
centered at the origin. The bounds

0 <t < 2m ensure that exactly

one revolution of the circle is

sketched.

start

Note that certain points on the (a.0)
path are given by ordered pairs. (-a:0) end
Remember that these are the
heads of the vectors, which are
not drawn. Thus, the point (0, a)
represents the head of the vector
{0,a) when t = /2. The arrow (0,-a)

shows the direction of increasing

t, and the circle “starts” at the point (a,0) and ends at this same point, one
revolution later.

There is more than one way to define a circle of radius a. For example, r(t) =
(asint,acost), for 0 <t < 2m traces the same circle, but this time starting at
(0, @) and in the clockwise direction.

4000

Example 15.3: Rewrite the function y = f(x) = x2 from (0,0) to (3,27) as a
vector-valued function.

Solution: Any function of the form y = f(x) can be rewritten as a vector-
valued function by letting x(t) =t and y(t) = f(t). Thus, the function y =
f(x) = x2 from (0,0) to (3,27) can be re-written as

r(t) =(t,t3) for 0<t<3.

Note that r(0) = (0,0) and that r(3) = (3,27). These are vectors whose heads
lie at the points (0,0) and (3,27) respectively.

L 2R AR 2R 2RI 4
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Example 15.4: Find the domain of r(t) = <t, 2t, i)

Solution: The domain is the largest subset of the real numbers for which all
three component functions are defined simultaneously. Note that x(t) = t and

y(t) = 2t are defined for all real numbers t, but that z(t) = i is not defined
when t = 3. Thus, the domain of r is given by {t|(—, 3) U (3, ©)}.

L LR LR LR 2RI 4

Example 15.5: Find the domain of r(t) = <% 4 — 3t, et>.

Solution: The first component x(t) =% requires that ¢t # 0, and the second

component y(t) = V4 — 3t requires that 4 —3t >0, or t < s There are no
restrictions on t implied by z(t) = e*. Thus, the domain of r is given by

{0 u (o]}

L 2R LR AR 2R AR 4

Example 15.6: Find a vector valued function that describes the line segment in
R3 from (1,—2,5) to (3,1, —4).

Solution: Find the direction vector:
v=(3-11-(-2),—-4—-5)=(2,3,-9).

Using (1, —2,5) as the initial point, we have (1, —2,5) + t(2,3, —9) as the line
segment using vector notation. As a vector-valued function, we have

r(t) =(1+2t,—2+3t,5—-9t) for 0<t<1.

Note that r(0) = (1, —2,5), a vector whose head lies at the point (1, —2,5), and
that r(1) = (3,1, —4), a vector whose head lies at the point (3,1, —4).

L2RAR LI 2R AR BRI 2
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Example 15.7: Describe r(t) = (2cost,2sint,t) fort = 0.
Solution: This is a curve in R3. Look at two of the components at a time:

The components x(t) = 2cost and y(t) = 2 sint trace a circle of radius
2 repeatedly since t increases without bound.

The components x(t) =2cost and z(t) =t trace a cosine wave
“upward”, e.g. assuming that x is the horizontal axis and z the vertical axis.

The components y(t) = 2sint and z(t) = t trace a sine wave “upward”.

The curve is a helix, which looks like a coiled spring. This helix has a radius of
2 centered around the positive z-axis, “wrapping” around the z-axis (but never
touching it) as t increases in value.

L 2R LR AR 2R 4

Example 15.8: In R3, the circular cylinder x? + y? = 25 is intersected by the
plane y + z = 4. Find a vector-valued function r(t) = (x(t), y(t), z(t)) that
describes the curve formed by the intersection of these two surfaces.

Solution: There are many possible vector-valued functions that describe this
curve. One possible way is to note that we can write x(t) = 5cost and y(t) =
Ssint for 0 <t < 2m. Then, since y +z = 4, we have z =4 —y, so that
z(t) = 4 — 5sint. The curve of intersection is given by

r(t) =(5cost,5sint,4 —5sint), for 0 <t < 2m.
L AR AR LK BLAR 4

The number of parameter variables of a vector-valued function describe the
“type” of graph that will result. For example, a vector-valued function of one
parameter variable will result in a curve, as demonstrated in the previous
examples. A vector-valued function of two variables results in a surface, as the
next two examples show.

Example 15.9: A circular cylinder of radius 2 is centered at the origin such that
the x-axis is the axis of symmetry of the cylinder. Describe this surface
parametrically, using u and v as the parameter variables.

Solution: Since the x-axis is the axis of symmetry, we infer that the circular
cross sections lie on planes parallel to the yz-plane. For example, a circle of
radius 2 on the yz-plane (x = 0) is described by y? + z2 = 4. Using parameter
variable u, we can describe the circle by letting y = 2 cosu and z = 2sinu,
where the 2 represents the circle’s radius. Note that the circular cross-sections

depend only on variable u. Thus, we can let x = v, representing the extension
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of the circle into the positive and negative x direction, with no restrictions on v.
The cylinder is described parametrically as

r(u,v) = (v,2cosu,2sinu), 0<u<2m, —oo<v<oo,
°0°0° 0

Example 15.10: Describe the cone z = ./x?+ y? parametrically using
variables u and v.

Solution: Observe that cross sections of this surface with a plane z = k results
in acircle of radius k. Thus, if we let z = u, we can then define x = u cos v and
y = usinv, which result in circles of radius u. Thus, we have r(u,v) =
(ucosv,usinv,u), where0 < v < 2mandu = 0.
v°0c° 00
16. Vector Valued Functions: Limits &
Continuity

The same notions of limits and continuity hold true for vector-valued functions.
For example, the limit of r(t) = (x(t), y(t), z(t)) as t — a is given by

limr(t) = (lim x(t), lim y(t),lim z(t)),
t-a t—a t—-a t-a
assuming that all three limits exist.

Similarly, a vector-valued function r(t) = (x(t), y(t), z(t)) is continuous at
t=alif

e The limitas t — a exists,
e The vector r(a) exists (that is, a is in the domain of r), and
elimr(t) =r(a).
t-a
AR XXX

Example 16.1: Let r(t) = <t2,et,$>, find ltlrrzl r(t). Isrcontinuous att = 2?

Solution: The limitis limr(¢t) = <1'm t2,lim e, lim (i» = <4,e2,3>.
t—2 t—-2 t—2 t—-2 \t+3 5
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Note that r(2) = <4 e? > Since all three conditions of continuity are met, the

curve traced out by r(t) = <t2,et,§> is continuous at t = 2.

In this example, the limit of r as t —» —3 does not exist since the limit fails to
exist for the expression i This curve is not continuous when t = —3. It is
continuous everywhere else.

tc0°c0c 0
2_
Example 16.2: Given r(t) = <2t + 1,%,{"), find ltnr31 r(t). Is r continuous
att = 3?

Solution: Note that the domain of r excludes the value t = 3. However, the
2_
limit does existas t — 3, since limr(t) = <lim (2t + 1),lim (u) ,lim t2> =
t-3 t—3 t—»3 \t-3 t—3
(7,6,9).

2_ A
The middle expression simplifies as % = % =t + 3, then the limit is

taken. However, the value t = 3 is still exciuded from the domain, so r is not
continuous at t = 3. There is a deleted point in the curve when t = 3.

®°0°H°0°
17. Vector Valued Functions: Differentiation

Given a vector-valued function r(t) = (x(t), y(t), z(t)), the derivative of r
with respect to ¢t is given by

d
r'(t) = Er(t)
d
= —(x(t),y(t),Z(t))

= (Z30, 2y, 3 200)
= ((©, ey ©)

assuming that the derivatives exist. Note that r'(t) = (x'(t),y’'(t), z'(t)) is
itself a vector-valued function. Visually, the vectors given by r'(t) can be
shifted in such a way so that they are tangent to the curve traced out by r(t) =

(x(8), y (), z(1)).
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In a physical setting, if r(t) = (x(t), y(t), z(t)) represents the displacement of
an object, then v(t) =r'(t) = (x'(t),y'(t),z'(t)) represents the object’s
velocity and the magnitude, |r’(t)|, is the object’s speed. Accelerationis a(t) =

vi() =1"() = x"(6),y"(t),z" ().
AR R AR AR

Example 17.1: An object moves through R? along a path defined by r(t) =
(t3,2t? + t, 5t) where all dimensions are in meters. Find the object’s velocity
and its speed when t = 4 seconds.

Solution: The derivative of r(t) = (t3,2t% + ¢,5t) is r'(t) = (3t2, 4t + 1,5).
Thus, when t = 4 seconds, the object has a velocity of r'(4) = (3(4)?, 4(4) +
1,5) = (48,17,5). The object’s speed at t =4 seconds is |r'(4)| =
V48?2 + 17?2 4+ 52 = 51.2 meters per second.

400
Example 17.2: An object moves through R? along a path defined by r(t) =
(t, —4.9t2 + 24t), where the first component is the horizontal displacement in
meters, and the second component is vertical displacement in meters, and where
t is in seconds. Find the maximum height that this object achieves.
Solution: Note that the object traces a downward-opening parabolic arc in R2.
The object will achieve its maximum height when the vertical component of
velocity of the object is temporarily 0. Thus, we differentiate: v(t) =r'(t) =
(1,—9.8t + 24).

We then set the vertical component of velocity to 0, and solve:

24
—98t+24=0 gives t= 98 ~ 2.449 seconds.

This is the time at which the object achieves its maximum height. When we
substitute t = 2.449 into r, we have

r(2.449) = (2.449,—4.9(2.449)% + 24(2.449)) = (2.449,29.388).
The object achieves a maximum height of about 29.388 meters above the ground
after 2.449 seconds in flight. The object has moved 2.449 meters horizontally in

this same period of time.

L 2RAR LR 2R AR AR 2
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Example 17.3: An object moves through R? along a path defined by r(t) =
(t3,t? + 2t), where the components are in meters and ¢ is in seconds. What is
the minimum speed of the object?

Solution: The derivative is r'(t) = (3t2, 2t + 2), so that the speed can be now
stated as a function in variable t:

s(t) =Ir'(t)] = J(3t2)2 + (2t + 2)2 = V9t* + 4t2 + 8t + 4.

We now minimize s(t):

36t3 +8t+8
V0t  + 42+ 8t + 4

is(t) = i\/9154 +4t2+8t+4=
dt dt

This expression is 0 when the numerator is 0. Using a calculator, we find that
36t3 + 8t + 8 = 0 when t = —0.485 seconds. This can be verified to be a
minimum by using either the first or second derivative test. Thus, the object’s
minimum speed occurs when t = —0.485 seconds and is

s(—0.485) = \/9(—0.485)* + 4(—0.485)2 + 8(—0.485) + 4 ~ 1.249
meters per second.

L 2RAR 2L AR 2R LA 2

Example 17.4: An object moves through R? along a path defined by r(t) =
(2t? + 1, t*). Find the equation of the tangent line in vector form when t = 5.

Solution. The derivative is r'(t) = (4t, 4t3). Thus, when t = 5, the object is
moving (instantanecusly) in the direction of r'(5) = (4(5),4(5)3%) =
(20,500). This is the object’s direction vector. Furthermore, at t = 5, the
object’s location is r(5) = (2(5)%2 + 1, (5)*) = (51,625). Thus, the object’s
tangent line in vector form when t =5 is (51,625) + t(20,500), or
equivalently, (51 + 20t, 625 + 500t).

L 2R LR 2R 2R 4

Example 17.5: An object moves through R® along a path defined by r(t) =
(t + 3,t% +t,5t). Find the equation of the tangent line to this path when the
object is at (7,20,20).

Solution. As in the previous example, we need both a direction vector and a
position vector. The location (7,20,20) corresponds to a position vector
(7,20,20), and setting this equal to r(t) = (¢t + 3,t% + t, 5t), we can deduce
that t = 4. The derivative is r'(t) = (1,2t + 1,5), so the direction vector is
r'(4) =(1,2(4) + 1,5) = (1,9,5).
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Thus, the object’s tangent line in vector form at this instant is (7,20, 20) +
t(1,9,5), or equivalently, (7 + t, 20 + 9¢, 20 + 5t).

Example 17.6: An object revolves around the origin in a circular orbit. The
circle is of radius 5 meters and the object completes a revolution every 10
seconds. Assume the object moves counter-clockwise and that is started on the
positive x-axis. Find this object’s position (displacement), velocity, speed and
acceleration at time t.

Solution: Let’s assume that 0 < t < 10 seconds represents one revolution of
the object. Then, the object’s displacement is given by r(t) =

<5 cos (%) ,5sin (%)) = <5 cos (n?t) ,5sin (%t» The leading coefficient 5
represents the radius, and note that when t = 10, the arguments within the sine
and cosine operators are both 2(10) = 2m, the usual period of the sine and

cosine functions.
The velocity is vit) =r'(t) = <—5 sin (”?t) (g) ,5cos (%t) (§)> =
<—n sin (%t),r[cos (?)) where the chain rule was used followed by

simplification. Note that r(t) - v(t) = 0. This is always true for objects moving
in a circular path: the (tangential) velocity vector is orthogonal to the
displacement vector.

The object’s speed is |[v(t)| = |r'(t)| = \/(—7‘[ sin ("?t))z + (7‘[ cos ("—t))z =

5
1 meters per second. This makes sense: the circumference of the object’s path
is 2m(5) = 10 meters. If it takes the object 10 seconds to complete one
revolution at m meters per second, then it will have travelled a distance of 10
meters in that revolution.

2 2
The acceleration is a(t) = v'(t) =r"(¢) = <—n?cos (”?t),—”?sin (?))

Note that the acceleration vector is always opposite the displacement vector for
an object in circular motion.

L 2R LR 2R 2R 4

85



18. Vector Valued Functions: Integration

Given a vector-valued function r(t) = (x(t), y(t), z(t)), the indefinite integral
of r with respect to t is given by

f r(t) dt = ( f x(t) dt, f y(0) dt, f 2(t) dt>+ (a,b,c),

where (a, b, c) is a vector composed of the constants of integration of the
components of r.

AR ERERER
Example 18.1: Find [ r(¢t) dt, where r(t) = (3t2,%,sin(3t)), where t > 0.

Solution: We have

fr(t) dt = U 3t? dt,f G) dt,jsin(3t) dt>

1
= <t3, Int,— 3 cos(3t)> +{a,b,c).

L 2R BL 2R 2R R 4

Example 18.2: Find r(t) = [ r'(t) dt, where r'(t) = (e?:,+/t,sint), and
r(0) = (0,0,0).

Solution: Note that r(t) = [r'(t) dt + k, where k = (a, b,c) is a constant
vector. We have

r(t) = Jr’(t) dt

_ Uetht,J\/fdt,jsin(t)dt>+k

1 2
= <§ eZt,§t3/2, — cos t> +{a, b, c).

Since r(0) = (0,0,0), we have

1 2
{0,0,0) = <Eez(°),§ (0)3/2, — cos(0)> +{a,b,c)

(0,0,0) = (% 0, —1> +{ab,c).
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This forces a = —%, b=0and ¢ =1. Thus, r(t) = <%32t,§t3/2,— cos t> +

(~2,0,1), or simplified as r(c) = (% (e —1),2¢%/2,1 ~ cos t>. Don’t
confuse r(0) = (0,0,0) as being the constant vector {a, b, c).

L LR LR LR 2RI 4

Example 18.3: An object’s acceleration is given by a(t) = (0, t), where t isin
seconds and the components are meters per seconds-squared. Find v(t) and r(t)
such that v(1) = (2,5) and r(1) = (—1,3).

Solution: Integrating acceleration, we obtain velocity:
1
v(t) = fa(t) dt = j(o, tydt = <k1,§t2 + k2>.
To find k = (k,, k), note that v(1) = (2,5):
1
(25) = (ko5 (1 + ko).

This forces k; = 2 and k, = 2 so that v(t) = <2,%t2 + §> Next, we have

(®) —f (t)dt—J(Z 1t2+9>dt— <2t+ 1t3+9t+ >
r =\|v = 5 > = m1,6 > m,).
To find m = (m,, m,), we note that r(1) = (—1,3):
1 9
(—1,3) = (2(1) Fmy, = (D35 (1) + m2>.

Thisforcesm; = —3andm, = —2. Therefore, r(t) = <2t -3, %t3 +§t - §>

L2RAR LI 2R BRI 2
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- 2 _ 42 2t _t
Example 18.4: Find [ r(t) dt, where r(t) = (t e ,t2+1>.

Solution: Integrate. Note that u-du substitution is used for the latter two
components.

2 2 2 2 t
— 2 2t
for(t) dt = J;t alt,f0 e dt,f0 <t2+1) dt

(3] ], e o]

L LR LR LR 2RI
19. Arc Length

Suppose the vector-valued function r(t) = (x(¢t), y(t), z(t)) is defined over the
closed interval a < t < b and differentiable over the open interval a <t < b.
Visually, this means that r is a smooth curve, with no discontinuities or corners.

The arc length s of the curve r over the interval a < t < b is given by the
definite integral

b
s = j J(x’(t))z + (y'(t))2 + (z’(t))2 dt.

Note that the integrand J(x’(t))z + (y’(t))2 + (z'(t))2 is the same as |r'(t)].
Thus, we can write the integral as

b
s =j [r'(t)] dt.

L 2RAR LR 2R AR RN 2

Example 19.1: Find the length of the curve traced by r(t) = (2 cost, 2 sint)
for0 <t <m.

Solution: Find the derivative: r'(t) = (—2sint, 2 cos t). Then, using the arc
length formula, we have
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= fn\/(—z sint)? + (2 cost)? dt

V1
=J- V4sin? t + 4 cos?t dt
0

s
= J- \/4(sin2 t +cos?t)dt
0

T
=2f dt = 2m.
0

The arc length is 2 units. This can be verified using geometry: r traces a
semicircle of radius 2. The circumference of a circle of radius 2 is 27 (2) = 4,
and half of this figure is 2m.

L 2R LR 2R 2R AR 4

Example 19.2: Find the arc length of the curve traced by r(t) = (4t,2t%,2Int)
between the points (8,8,21n 2) and (20,50,21n 5).

Solution: The derivative is r'(t) = (4,4t, %). Furthermore, the bounds of ¢ can

be inferred from the points. The point (8,8,2 In 2) suggests that t = 2 and the
point (20,50,2 In 5) suggests that t = 5. We have

5
s= j V42 + (46)2 + (2/t)2 dt

5 4
=j 16 + 16t2 + — dt
t2
2

16t% + 16t4 +4
[ frerienes,

j ,(4t2 + 2)2
—fz <4t2t+2
- f: (4t+%) dt

= [2t?+ 2Int]3
= (50 + 2In5) — (8 + 21n2)

5
=42+4+2In (E) =~ 43.832 units.
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Example 19.3: Find the arc length of the curve traced by r(t) = (t?,3t, 4t3)
fori<t<3.

Solution. The derivative is r'(t) = (2t, 3,12t2). Thus, the arc length is given
by

3 3
s = f J@26)2 +32 + (12t2)2 dt = f 144t% + 4t2 4 9 dt.
1 1

Using a calculator or any numerical method of integrating, we find that the arc
length is

3
j 144t* + 4t%2 + 9 dt ~ 104.58 units.
1

L2RAR LR 2R 2RI 2

Example 19.4: Find the length of the helix traced by r(t) = (2 cost, 2sint, t)
for0 <t <2m.

Solution: The derivative is r'(t) = (—2sint, 2 cost,1). We have

2T
s= f J(=2sint)? + (2 cost)? + 12 dt
0

2
= Jasin?t +4cos?t + 1dt
0

21
= f J4(sin? t + cos?t) + 1 dt
0

21
=f0 V5 dt
= 27V/5 units.
4000
Arc Length as a Function

Consider the arc length formula, s = f:lr’(t)l dt, and allow the upper bound

to be a variable rather than a fixed value. If we allow the upper bound to be ¢,
and use a dummy variable within the integral, we have arc length s as a function
of t:

s(t) =f Ir'(w)| du.
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Differentiating both sides with respect to t, we have
d o = a(t p
5© =) Fldu
Using the Fundamental Theorem of Calculus, we have
d t
i) rlau= 1@l
Thus, we have

ds
== Ir' ()], or equivalently, ds = |r'(¢)| dt.

* % This formula is extremely useful later on! Do not forget it! * *

L2RAR LR 2R 2RI 2
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20. Unit Tangent and Unit Normal Vectors

Consider an object that moves along a differentiable (smooth, no
discontinuities) curve traced by r(t) = (x(t), y(t), z(t)). At each point on the
curve, the tangent vector is given by r'(t) = (x'(¢t),y'(t),z'(t)). The
magnitude of the tangent vector, |r’(t)|, can be interpreted as the object’s speed.
For most curves, not surprisingly, the speed of an object can vary. In a rough
sense, the speed of an object dictates the segmentation of the curve.

R IR S R
Example 20.1: Sketch the curve traced by r(t) = (t,t2) for 0 < ¢ < 4.

Solution: The curve is shown below. It is a parabola y = x2 from (0,0) to
(4,16). The values for integer values of t are shown on the graph.

16 t=4

14
12

10

ot
1]
LLa

e+
1]
=]

The segments of the curve between consecutive integer values of t vary in
length. If ¢t is a unit of time, then the object traverses each segment in the same
amount of time. Thus, the object must move faster in order to traverse longer
segments. The segmentation of the curve in terms of a unit time interval t is not
consistent. The table below shows the object’s position, velocity and speed for
integer values of ¢:
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t rO =% | rO=(120 | |v@)|=1tae
0 (0,0) (1,0) 1

1 (11) (1,2) NG

2 (2,4) (1,4) Vi7

3 (3.9) (16) V37

4 (4,16) (1,8) V65

To control the speed of the object, we can force all tangent vectors to have a
length of 1 unit. This is called the unit tangent vector, and is given by

B r'(t)
IGIE

T(t)
This means that |[T(t)| = 1.
t°0c°0c0°

Example 20.2: Find T(t), where r(t) = (¢, t?).

Solution: From the previous example, we have r'(t) = (1,2t) and |r'(t)| =

V1 + 4t2. Thus,

1 2t
VI 4t2 V1 + 4t2

B r'(t) B (1,2t) B
@l Vi+4ez

T(t)

You should verify that |T(t)| = 1. If the object moves along this curve at a

constant speed of 1 unit of distance per unit of time, then this will force the

segmentation of the curve into equal-sized segments, so that it can traverse the

same length each time, per unit of time. This is often called the ds segmentation.
4000

Example 20.3: Find T(t), where r(t) = (3 cost,3sint,t).

Solution: We have

() = r'(t) _(—3sint,3cost,1)_ —3sint 3cost 1
[r'(6)] V10 V1o ' V10 V1o

Note that in this case, the speed of the object is always v/ 10 units of distance per
unit of time.
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The unit normal vector is given by

T
NO = o

The vector N has a length of 1 unit. Itis orthogonal to T (thatis, N - T = 0). For
an object moving along a differentiable curve, T will point in the object’s
(tangential) direction of travel, and N will point orthogonal to T, representing
one component of acceleration. It generally points “inward” to concave side of
the curve.

40
Example 20.4: Find N(t), where r(t) = (t, t?).
Solution: From Example 20.2, we have

2t
VI + 462’ V1 + 4¢2

T(t) = <

We now find T’ (t):

—4t 2 >

T®= ((1 T 4t2)3/2" (1 + At2)3/2

Now, we need |T'(t)]:

2

1T (O] =\/((1 +_£:LZ)3/2) +<(1+42t2)3/2) :

This simplifies after many steps to

Tl = 1+ 4t2°
Thus, the unit normal N is given by
T'(t) 1 —4t 2
N(E) = = ( , )
[T (t)] (L) (1 + 4t2)3/27 (1 + 4t2)3/2
1+ 4t2

| -2t 1
VI+4t2' V1 + 4t2

Note the similarities in T and N and note also that N - T = 0.
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Example 20.5: Find N(t), where r(t) = (3 cost,3sint,t).

Solution: From Example 20.3, we have

T(t) = 3sint 3cost 1
|\ vio’ vio 'vio/
We find T'(¢):
() = 3cost 3sint 0
|\ vi0o© vio [
Note that
T (0)] = ( 3cost)2+( 3Sint)2_ 3
- V10 vio/ V1o’
Thus,

3cost 3sint

_T® =<‘ V10 ' V10
IT" ()] 3
V10

Observe that IN(t)| = 1andthatN - T = 0.

,0

N(t)

=(—cost,—sint,0).

L2RAR LI 2R RN 2

See an error? Have a suggestion?
Please see www.surgent.net/vcbook
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