
Math 267 Practice Sheet – Midterm (Test 2) 
 

1. What is the domain of ݂ሺݔ, ሻݕ ൌ ଵ

ඥଶ௫ି௬
? 

2. What is the domain of ݃ሺݔ, ሻݕ ൌ lnሺݔଶ ൅  ?ሻݕ4
3. Find all first and second-order partial derivatives of ݂ሺݔ, ,ݕ ሻݖ ൌ  .ହݖଷݕଶݔ
4. Find the slope of the tangent line to ݂ሺݔ, ሻݕ ൌ ݕଷݔ െ    ଶ when x = 1 and y = 2, in the direction ofݕ

x = 4, y = 3. 
5. Find the direction of the steepest slope of ݃ሺݔ, ሻݕ ൌ ௫

௬మ
 at x = 3, y = –2. Then find the slope.  

6. Find a vector normal to the surface ݄ሺݔ, ሻݕ ൌ ݕݔ3 ൅ ଶݕ െ  .ଷ at x = 4, y = 2ݔ
7. Find the equation of the tangent plane in #6. 
8. Larry is measuring a circular cylinder. He measures the height to be 8 m, with a tolerance of 2 

cm, and the radius as 3 m, with a tolerance of 3 cm. Using differentials, find the approximate 
range of tolerance in the volume of this solid. 

9. Let ݃ሺݔ, ሻݕ ൌ ଷݔ ൅ ଷݕ െ ݔ3 െ ݕ12 ൅ 1. Find all critical points and classify them as min, max or 
saddle points. 

10. Consider the map below. Assume C is a saddle, D is a minimum and A is a maximum, and that the 
surface is everywhere differentiable. 

 

 
 

a) Write in the sign (+, –, 0) for the following partial derivatives.  
 

௫݂ሺܣሻ ൌ _____ ௫݂ሺܤሻ ൌ _____ ௫݂ሺܧሻ ൌ _____

௬݂ሺܣሻ ൌ _____ ௬݂ሺܤሻ ൌ _____ ௬݂ሺܧሻ ൌ _____ 

 
b) Suppose P is a path (constraint). Approximate the minimum and maximum values of ݂ 

constrained to path P. 
 

c) On the map, draw in the gradient vector at E. 
 

  



11. Let ݂ሺݔ, ሻݕ ൌ 3 sinሺݔଶ െ  .݂׏ ሻ.  Findݕ4

12. Suppose ݕ ൌ ݂൫ݔሺݏ, ,ሻݐ ,ݏሺݕ  ሻ൯, and suppose thatݐ
డ௙

డ௧
ൌ 10, డ௙

డ௫
ൌ 2, డ௙

డ௬
ൌ 1, డ௫

డ௦
ൌ െ3, డ௫

డ௧
ൌ 4 and 

డ௬

డ௦
ൌ 5. Find the value of 

డ௬

డ௧
. 

13. Find the volume below ݖ ൌ 2݁௫
మା௬మ over the region in the xy-plane shown below. 

 

 
 

14. Let ݖ ൌ ݂ሺݔ, ሻݕ ൌ ଶݔ2 ൅ ݕݔ െ ଵ

ସ
ସݕ ൅ ݔ4 െ ݕ2 ൅ 1. Find the equation of the tangent plane at ݔ଴ ൌ

െ2 and ݕ଴ ൌ 3, then use it to estimate ݂ሺെ2.05, 3.1ሻ. Do not use a calculator.  

15. Find ׬ ׬ ሺ1ݔ െ ሻݕ
ସ
ଷ ݔ݀	ݕ݀	

ଶ
ିଵ . 

16. Rewrite as a single double-integral: ׬ ׬ ݕ݀	ݕݔ
ଶ௫
଴ ݔ݀	

ଶ
଴ ൅ ׬ ׬ ݕ݀	ݕݔ

଺ି௫
଴ ݔ݀	

଺
ଶ . 

17. Using only geometry, find the volume below ݂ሺݔ, ሻݕ ൌ ඥ1 െ ଶݔ െ  .ଶ over the region in #13ݕ
18. Find the volume contained below the paraboloid ݖ ൌ 4 െ ଶݔ െ  .ଶ and above the xy-planeݕ

19. Reverse the order of integration: ׬ ׬ ݔ݀
ඥଽି௬

ିඥଽି௬

ଽ
଴  .ݕ݀	

20. Evaluate #19. 
 

 
Answers.  (report errors to surgent@asu.edu) 

 
1. ሼሺݔ, ݕ|ሻݕ ൏  ሽݔ2

2. ቄሺݔ, ݕሻቚݕ ൐ െ ଵ

ସ
 ଶቅݔ

3. ௫݂ ൌ ,ହݖଷݕݔ2 ௬݂ ൌ ,ହݖଶݕଶݔ3 ௭݂ ൌ  	,ସݖଷݕଶݔ5

௫݂௫ ൌ ହݖଷݕ2 ௫݂௬ ൌ ହݖଶݕݔ6 ௫݂௭ ൌ ସݖଷݕݔ10

௬݂௫ ൌ ହݖଶݕݔ6 ௬݂௬ ൌ ହݖݕଶݔ6 ௬݂௭ ൌ ସݖଶݕଶݔ15

௭݂௫ ൌ ସݖଷݕݔ10 ௭݂௬ ൌ ସݖଶݕଶݔ15 ௭݂௭ ൌ ଷݖଷݕଶݔ20
 

4. Direction is ݒ ൌ 〈3,1〉 so we need the unit direction vector, 〈 ଷ

√ଵ଴
, ଵ

√ଵ଴
〉.  The gradient of f is ݂׏ ൌ

〈 ௫݂, ௬݂〉 ൌ ,ݕଶݔ3〉 ଷݔ െ ሺ1,2ሻ݂׏ Evaluated at (1,2), we have .〈ݕ2 ൌ 〈6,െ3〉. Thus, the slope will be 

〈 ଷ

√ଵ଴
, ଵ

√ଵ଴
〉 ∙ 〈6, െ3〉 ൌ ଵ଼

√ଵ଴
െ ଷ

√ଵ଴
ൌ ଵହ

√ଵ଴
ൎ 4.743. 

5. The direction of the steepest slope is the gradient of g evaluated at the given point. Thus, ݃׏ ൌ

〈 ଵ
௬మ
, െ ଶ௫

௬య
〉 → ሺ3,െ2ሻ݃׏ ൌ 〈ଵ

ସ
, ଷ
ସ
〉. The slope is ቚ〈ଵ

ସ
, ଷ
ସ
〉ቚ ൌ ටቀଵ

ସ
ቁ
ଶ
൅ ቀଷ

ସ
ቁ
ଶ
ൌ √ଵ଴

ସ
ൎ 0.791. 

6. Gradient vectors are always orthogonal to a contour line, so we create a 4-dimensional function 
,ݔሺܪ ,ݕ ሻݖ ൌ ݕݔ3 ൅ ଶݕ െ ଷݔ െ ݖ Note that .ݖ ൌ ݕݔ3 ൅ ଶݕ െ ܪ׏ ଷ is a contour of H, so thatݔ ൌ
ݕ3〉 െ ,ଶݔ3 ݔ3 ൅ ሺ4,2ሻܪ׏ െ1〉, and at (4,2), we have,ݕ2 ൌ 〈െ42,16,െ1〉. Also acceptable is 
〈42,െ16,1〉. 

7. The point is ሺ4,2, െ36ሻ so we have െ42ሺݔ െ 4ሻ ൅ 16ሺݕ െ 2ሻ െ ሺݖ ൅ 36ሻ ൌ 0. 
8. The volume is ܸሺݎ, ݄ሻ ൌ ܸ݀ ,ଶ݄, so thereforeݎߨ ൌ ݎ݀	݄ݎߨ2 ൅ ܸ݀ ݄݀. Evaluating, we have	ଶݎߨ ൌ

ሺ3ሻሺ8ሻሺ0.03ሻߨ2 ൅ ሺ3ሻଶሺ0.02ሻߨ ൌ േ5.089 cubic meters. 



9. (1,2,-17) min, (-1,2,-13) saddle, (1,-2,15) saddle, (-1,-2,19) max. 
10. a)  

௫݂ሺܣሻ ൌ 0 ௫݂ሺܤሻ ൌ ൅ ௫݂ሺܧሻ ൌ ൅

௬݂ሺܣሻ ൌ 0 ௬݂ሺܤሻ ൌ െ ௬݂ሺܧሻ ൌ െ 

b) Min, about 45, max about 115 
c)  

    Orthogonal to the contour, positive slope. 
݂׏ .11 ൌ ݔ6〉 cosሺݔଶ െ ሻݕ4 , െ12 cosሺݔଶ െ  .〈ሻݕ4

12. 
డ௙

డ௧
ൌ డ௙

డ௫

డ௫

డ௧
൅ డ௙

డ௬

డ௬

డ௧
→ 10 ൌ ሺ2ሻሺ4ሻ ൅ ሺ1ሻ డ௬

డ௧
→ డ௬

డ௧
ൌ 10 െ 8 ൌ 2 .  Here, y and f are interchange-

able. 
13. Use polar bounds. The bounds are 0 ൑ ݎ ൑ 1, 0 ൑ ߠ ൑ గ

ଶ
. 

 

න න 2݁௥
మ
ݎ݀	ݎ	

ଵ

଴
ߠ݀	

గ ଶ⁄

଴
ൌ න ൣ݁௥

మ
൧
଴

ଵ
ߠ݀	

గ ଶ⁄

଴
ൌ න ሺ݁ െ 1ሻ	݀ߠ

గ ଶ⁄

଴
ൌ ሺ݁ െ 1ሻන ߠ݀

గ ଶ⁄

଴
ൌ
ሺ݁ െ 1ሻߨ

2
. 

 
14. ௫݂ሺݔ, ሻݕ ൌ ݔ4 ൅ ݕ ൅ 4 → ௫݂ሺെ2,3ሻ ൌ െ1, and ௬݂ሺݔ, ሻݕ ൌ ݔ െ ଷݕ െ 2 → ௬݂ሺെ2,3ሻ ൌ െ31. We 

also have ݖ଴ ൌ െ31.25. Thus, the equation of the tangent plane is ݖ ൅ 31.25 ൌ െሺݔ ൅ 2ሻ െ
31ሺݕ െ 3ሻ. Thus, 

 
ݖ ൅ 31.25 ൌ െሺെ2.05 ൅ 2ሻ െ 31ሺ3.1 െ 3ሻ 
ݖ ൅ 31.25 ൌ െሺെ0.05ሻ െ 31ሺ0.1ሻ 
ݖ ൅ 31.25 ൌ 0.05 െ 3.1 
ݖ ൅ 31.25 ൌ െ3.05 

ݖ ൌ െ3.05 െ 31.25 
ݖ ൌ െ34.3 

 

15. Do the inside integral first: ׬ ሺ1ݔ െ ሻݕ
ସ
ଷ ݕ݀	 ൌ ቀݕݔ െ ଵ

ଶ
ଶቁݕݔ

ଷ

ସ
ൌ ሺ4ݔ െ ሻݔ8 െ ቀ3ݔ െ ଽ

ଶ
ቁݔ ൌ െ ହ

ଶ
 .ݔ

Now integrate with respect to x: ׬ ቀെ ହ

ଶ
ቁݔ ݔ݀

ଶ
ିଵ ൌ ቀെ ହ

ସ
ଶቁݔ

ିଵ

ଶ
ൌ ൬െ

ହ

ସ
ሺ4ሻ൰ െ ൬െ

ହ

ସ
ሺ1ሻ൰ ൌ െ ଵହ

ସ
. 

׬ .16 ׬ ݔ݀	ݕݔ
଺ି௬
௬/ଶ ݕ݀	

ସ
଴  

17. The solid is a hemisphere of radius 1, but it’s being integrated over a quarter circle, so we have 

just 1/8 of a sphere. The volume of a sphere of radius 1 is 
ସ

ଷ
ሺ1ሻଷߨ ൌ ସ

ଷ
 then divided by 8, we ,ߨ

have 
ଵ

଺
 .ߨ

18. The region of integration is a circle of radius 2, so it’s advised to use polar. Thus, r ranges 
between 0 and 2, ߠ between 0 and 2ߨ. The integrand is ሺ4 െ  where the extra r is from the ,ݎଶሻݎ

Jacobian. Thus, we have ׬ ׬ ሺ4ݎ െ 	ݎଷሻ݀ݎ
ଶ
଴ ߠ݀

ଶగ
଴ . The inner integral works out to be 4, the out to 

be 2ߨ, so the volume is 8ߨ. 

19. The region is the parabola ݕ ൌ 9 െ ׬ ଶ above the x-axis, so we haveݔ ׬ ݕ݀
ଽି௫మ

଴ ݔ݀	
ଷ
ିଷ . 

20. 36. 
 


