6. Vectors

For purposes of applications in calculus and physics, a vector has both a
direction and a magnitude (length) and is usually represented by an arrow. The
start of the arrow is the vector’s foot, and the end is its head. A vector is usually
labelled in boldface, such as v.

In an xy-axis system (R?), a vector is written v = (v, v,), which means that
from the foot of v, move v; units in the x direction, and v, units in the y

direction, to arrive at the vector’s head. The values v; and v, are the vector’s
components. In R3, a vector has three components and is written v =

(v1,v2,3).
head

V= ‘:Pn Uz}
foot v,

Given two points, P, = (x,,V,) and P, = (x,,y;) in R?, a vector PyP; can be
drawn with its foot at P, and head at P;, where PoP; = (x; — xo, 1 — ¥o)- In
R3, the vector is expressed PoP; = (x; — X, Y1 — Yo, Z1 — Zo)-

Py = (x1,¥%1)
v =PoP, Y1 — Mo

Pﬂ = {xﬂij"rﬂ} X, — Xg

By comparison, a scalar is a number only, with no implied direction. Scalars
are chosen from the set of real numbers R.

The magnitude of a vector v is found by the Pythagorean Formula:

vl =vi+v:i (inR?)) or Jvi+vs+vi (inR3).

The notation |v| represents the magnitude of v and is always a non-negative
value. The expression |v]| is a scalar.
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To add two vectors u = (u;,u,) and v = (v;,v,), add the respective
components:

u+v=_(u +v,u; +v,).

Place the foot of v at the head of u, then sketch a vector that begins at the foot
of u and ends at the head of v. The vector u + v is called the resultant.

U; + 14

Pay attention to notation. Parentheses ( ) are used to represent points, and
angled brackets { ) are used to represent vectors.

A vector may be multiplied by any real number c, called a scalar multiple. For
example, if u is a vector, then 2u = u + u = (2u,, 2u,), which results in a
vector 2u that is twice the magnitude of u. Scalars act as coefficients when
multiplied to a vector. In general, for a vector v and a scalar c, the magnitude of
cv is |ev| = |c||v|, where |c]| is the absolute value of c. Two non-zero vectors u
and v are parallel if one can be written as a scalar multiple of the other, u = cv
for some non-zero scalar c.

There are two closure properties of vectors:

C1. If uand v are two vectors in R? (or R3), then their vector sum u + v is
also in R? (or R3).

C2. If uis a vector in R? (or R®), then for any scalar c, its scalar multiple
cu is also in R? (or R3).

The structural properties of vectors are:
P1. Commutativity: u + v = v + u. Vectors can be added in any order.

P2. Associativity: (u+v) +w=u+ (v + w).
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P3. Additive Identity: 0 = (0,0) or (0,0,0), with the property thatu+0=0
+ U = u. Thus, 0 is called the zero vector, and is a single point, with a
magnitude of 0: |0| = 0, and if [v| = 0, thenv =0.

P4. Additive Inverse: For any non-zero vector u, the vector —u exists with
the property that u + (—u) = 0. Visually, —u has the same magnitude as
u, but points in the opposite direction. Subtraction of two vectors is now
defined: u—v=u+(-v) =u+ (-1v).

P5. Distributivity of a scalar across vectors: If ¢ is a scalar, then
c(u+v) =cu+cv.

P6. Distributivity of a vector across scalars: If ¢ and d are scalars, then
(c+ d)u=cu+du.

P7. Associativity and Commutativity of Scalars: cdu = c(du) = (cd)u =
d(cu) = dcu.

P8. Multiplicative scalar identity: 1v =v.

Any set VV for which the two closure properties and the eight structural properties
are true for all elements in ¥V and for all real-number scalars is called a vector
space. Elements of a vector space are called vectors. Common vector spaces are
R™, where n is any non-negative integer. Thus, the xy-axis system R? is a vector
space, where any ordered pair (a,b) can be thought of as a vector from (0,0) to
(a,b). In this manner, the elements of R? are vectors of the form (a, b), and all
of the closure and structural properties listed above are met. Similarly, for R3,
the real line R (= R), and even the trivial space R® = 0 are vector spaces.

Given any non-zero vector v, the unit vector of v is found by multiplying v by
|17|' The unit vector has magnitude 1. That is, [ = L|v| = 1. The unit vector of

M| T
v is any vector of length 1 parallel and in the same direction to v. Common
notation for the unit vector of v is ¥ (“v-hat”) or v,,;;.

In R?, the vectors i = (1,0) and j = (0,1) are called the standard orthonormal
basis vectors, which allows us to write a vector v = (v, v,) = v4i + v,j. In
R3, the standard orthonormal basis vectors are i = (1,0,0), j = (0,1,0) and k =
(0,0,1). The notation {(v,, v,) and v,i + v,j to represent a vector in R? can be
used interchangeably.
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Example 6.1: Sketch u = (2,3) = 2i + 3j.

Solution: From any starting point, move 2 units in the x (horizontal) direction,
and 3 units in the y (vertical) direction. Below are five copies of the vector u.

¥

X
The foot can be placed anywhere. Multiple copies of the same vector can be
drawn using different starting points. The position of a vector relative to a

coordinate axis system is not relevant. As long as its direction and magnitude
are not changed, it is considered to be the same vector.

40 ecece
Example 6.2: Given v = (4, —5), find |v|, and the unit vector of v.

Solution: The magnitude of v is |v| = \/(4)2 + (=5)% = V16 + 25 = V41.
The unit vector of vis v = v,,,;; = %(4, —5) = <¢% —J%>
4cececece

Example 6.3: Find a vector whose foot is A = (—1,4) and head is B = (5,2).

Solution: The vector is AB = (5 — (—1),2 — 4) = (6,—2). Note that BA =
—AB, has its foot at B, head at A, and is BA = —(6, —2) = (—6,2). Vectors AB
and BA are parallel, but not in the same direction.

¥

Az (-4
L,_\_\_\_H_

AB

B:(5,2)
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Example 6.4. Given u = (—2,1) and v = (1,5), Find and sketch (a) u + v, and
(b) u—v.

Solution: We have u+v=(-2+11+5)=(-16)and u—v=(-2—
1,1 —5) = (=3, —4).

¥ ¥

Vectors u and v form a parallelogram, with u + v as one diagonal inside the
parallelogram, and u — v the other diagonal. If u and v have a common foot,
then u — v has its foot at the head of v, and its head at the head of u.

R AR XX R

Example 6.5: Given v = (3,1), Find and sketch (a) 2v and (b) —3v.

Solution: We have 2v = (2(3),2(1)) = (6,2) and —3v = (=3(3),—-3(1)) =
(—=9,-3).

A representation of v = (3,1)
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v

Representations of 2v and —3v.

Note that 2v has twice the magnitude of v, and —3v has three times the magnitude
of v, pointing in the opposite direction. Vectors 2v, —3v and v are all parallel.

v°0c° 00
Example 6.6: Given u = (1,—4,2) and v = (—5,8,3), find 4u — 3v.
Solution: We have
4u — 3v = 4(1,—4,2) — 3(-5,8,3)
= (4,—16,8) + (15,—24,-9)
=(19,—-40,—1).
t°0c° 00

Example 6.7: Given the vectors u = (1, —4,2) and v = (—5,8,3), find w where
3w+ 2u = -v.

Solution: Using algebraic manipulation, solve for w:

3w+ 2u=-v
3w=-v-—2u
1 2
w=—§v—§u.
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Now, substitute u and v, and simplify:

_ 1 2

w = 3v 3u
= 1( 5,8,3) 2(1 4,2)
- 3 ] 3 ] b
_<5 8 1>+< 28 4>
\37 3 3’3" 3
= {10.-3)
- Y 3-

L LR LR LR 2RI 4

Example 6.8: Given v = (1,2,4), find a unit vector in the opposite direction of
V.

Solution: The magnitude is |[v| = V1% + 22 + 42 = +/21. A leading negative
sign will cause the vector to point in the opposite direction. Thus,

1 1 2 4
V= e (1,24) = (),
unit \/21< ) V21 V21 V21

L2RAR LR 2R 2R AR 2

Example 6.9: Find a vector in the opposite direction of u = (—2,1) that is 4
times the length of u.

Solution: Multiply by —4, where the 4 increases the magnitude by a factor of 4,
and the negative reverses the direction: —4u = —4(—2,1) = (8, —4).

L2RAR LI 2R LA 2

Example 6.10: Given v = (—1,5,2), find a vector w in the same direction as v,
with magnitude 3.

Solution: The unit vector is v,,,;; = \/%(—1,5,2). Then multiply by 3:

3

m(—l,S,Z).

W =3V =

In many situations, it is easier to leave any scalar multipliers at the front of the
vector, rather than distributing it among the components.

38




Example 6.11: A boat travels north at 30 miles per hour. Meanwhile, the current
is moving toward the east at 5 miles per hour. If the boat’s captain does not
account for the current, the boat will drift to the east of its intended destination.
After two hours, find (a) the boat’s position as a vector, (b) the distance the boat
travelled, and (c) the boat’s position as a bearing.

Solution. Superimpose an xy-axis system, so that the positive y-axis North, and
the positive x-axis is East. Thus, the boat’s vector can be represented by b =
(0,30), and the current’s vector by ¢ = (5,0).

a) The boat’s position after two hours will be 2(b + ¢) = 2(5,30) =
(10,60). From the boat’s starting point, the boat moved 10 miles east
and 60 miles north.

b) The boat travelled a distance of |2(b + ¢)| = 252 + 302 = 24/925,
or about 60.83 miles.

¢) Viewing a drawing below, we see that we can find the angle t using
inverse trigonometry. Thus, t = tan~*(10/60) ~ 9.46 degrees East
of North.

Y (north)

A

2c

¢ = (5,0}

2(b + ¢) = (10,60)

b = (0,30} t

X (east) | X
AR AKX
Example 6.12: A 10 kg mass hangs by two symmetric cables from a ceiling

such that the cables meet at a 40-degree angle at the mass itself. Find the tension
(in Newtons) on each cable.
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Solution: The force of the mass with respect to gravity is F =ma =
(10 kg) (9.8 592) = 98 N. Let |T| be the tension on one cable. We decompose
|T| into its vertical and horizontal components:

Note:

IT| is not the length of
the cable. It is the
|T|cos 70 tension, as a scalar,
within the cable.

|T| sin 70

|T|cos 70

The two horizontal components sum to 0, since the forces cancel one another,
while the two vertical components support the 98 N downward force. Thus, we
have

2|T|sin 70 = 98.

Solving for | T| we, we obtain

IT| = %8 =52.14N
T 2sin70 7 :

Each cable has a tension of about 52.14 N. If the angle at which the cables meet
was larger, the tensions would be greater. For example, if the cables were to
meet at the mass at an angle of 150 degrees, then each cable would have a
tension of

IT| = =189.32N

2sin 15
AR XXX
Example 6.13: A mass with a downward force of 100 N is being supported by

two cables at full tension as shown in the diagram below. Let |T| represent the
tension in one cable, and |U] the tension in the other cable. Find |T| and |U].

100 N
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Solution: Decompose |T| and |U|:

|T|sin 50 |U| sin 65

A —
|'T| cos 50 50T |U| cos 65

In doing so, we obtain two equations. The horizontal forces sum to 0, and since
one force acts in the opposite direction of the other, we have |T|cos50 —
|U| cos 65 = 0. At the same time, the two vertical forces support the 100 N
force, so we have |T|sin50 + |U|sin65 = 100. This is a system of two
equations and two unknowns, |T| and |U]|:

|T] cos50 — |U| cos 65 =0
|T| sin 50 + |U]| sin 65 = 100.

Multiplying the top by sin 65 and the bottom by cos 65, we have

|T| sin 65 cos 50 — |U| sin 65 cos 65 = 0
|T| sin 50 cos 65 + |U| sin 65 cos 65 = 100 cos 65.

Summing the two equations, we have
|T|(sin 65 cos 50 + sin 50 cos 65) = 100 cos 65.

Now we can isolate |T|:

100 cos 65

= S eScos50 T snB0cos e ~ 4663 N.

T

To find |U], we use the first equation of the system, |T| cos 50 — |U]| cos 65 =
0, solve for |U]|, and substitute |T| =~ 46.63 N. We have

Ul = |T| cos 50 _ 46.63 cos 50
~ cos65 cos 65

~ 70.92 N.
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Example 6.14: An object with a weight of 75 Ibs hangs at the center of a cable
that is supported at opposite ends by poles 30 feet apart such that the cable meets
the poles at the same height. Assume the weight sits in the center and causes a
sag of 2 feet. Find the tension in each half of the cable.

Solution: A diagram helps us see the situation.

15 feet y 15 feet
g ‘2 fest 2

75 lbs

30 feet )

Since this is a symmetric system, the horizontal components of tension sum to
0, while the two vertical components support the 75 Ib weight:

75
2sin@’

2|T|sin@ = 75; therefore |T|=

. . 2 2
We are not given the angle 6, but we do know that sin6 = T~ o

where /229 is the length of the hypotenuse of the right triangle, the hypotenuse
being the cable under tension. Thus, we have

|T| ~ 284.74 lbs.

75
- 2(2/V229)

Each cable is supporting 284.78 Ibs, which is plausible when considering the
large angle at which the two halves of the cable meet at the object.

L 2R LR 2R 2R 4

See an error? Have a suggestion?
Please see www.surgent.net/vcbook
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7. The Dot Product

Let u = (uy,u,, uz) and v = (vy, v,, v3) be two vectors. The dot product of u
and v, written u - v, is defined in two ways:

u - v = |ul|v| cos 8, where 6 is the angle formed when the feet of u and v
are placed together;

u-v= ulvl + uzvz + u3l73.

The two forms are equivalent and related to one another by the Law of Cosines.
We often don’t know the angle between the two vectors, so we tend to use the
second formula. However, we may use the first formula to find the angle
between vectors u and v. Note that the dot product u - v results in a scalar value.

Some common properties of the dot product are:
Commutativity: u-v=v-u.
Distributive property: u-(v+w) =u-v+u-w.
Scalars can be combined by multiplication: cu- dv = cd (u-v).
Relation to magnitude: u - u = |ul?.
The most useful feature of the dot product is its sign:
If u-v>0, then the angle 6 between vectors u and v is acute
(0 <6<2)
2
If u-v<O0, then the angle 6 between vectors u and v is obtuse

(§<9<n).

If u-v =20 (assuming u and v are non-zero vectors), then the angle 6
between vectors u and v is right (9 =§) and the two vectors are
orthogonal to one another.

L 2R LR 2R 2R 4

Be aware of notation. The dot product is defined between two vectors and is
always written with the dot (-) symbol. Traditional scalar multiplication is
written without the dot symbol. Thus, statements like u-v and cu are well
defined, while statements like uv and ¢ - u are not defined.
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Example 7.1: Letu = (1,—2,—-5)and v = (3,4, —2). Find () u - v, and (b) the
angle 6 between u and v.

Solution:
a) We use the second definition of the dot product:
u-v=(1@3)+(-2)4) +(-5)(-2) =3-8+10 = 5.

Since the dot product is positive, we know that the angle between u
and v is acute.

b) We use the first definition of the dot product, solving for 8:

u-v 5
= -1 = f———)x 14 i .34 .
0 = cos (lllllVl) cos (mm> radians, or 80.34 degrees

L 2R LR 2R 2R AR 4

Example 7.2: Suppose 12 vectors of equal magnitude are arranged on an analog
clock, such that all vectors have a common foot at the center. The vectors point
to 12 o’clock, 1 o’clock, and so on.

a) Would the dot product of the vectors pointing to 2 o’clock and 4
o’clock be positive, negative, or zero? Why?

b) Would the dot product of the vectors pointing to 10 o’clock and 1
o’clock be positive, negative, or zero? Why?

c) Would the dot product of the vectors pointing to 5 o’clock and 9
o’clock be positive, negative, or zero? Why?

Solution:
a) The two vectors form an acute angle, so their dot product is positive.
b) The two vectors form a right angle, so their dot product is zero.

c) The two vectors form an obtuse angle, so their dot product is negative.

L2RAR LI 2R AR 2
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Example 7.3: Let u = (8,2,3) and v = (—3, k, 6). Find k so that u and v are
orthogonal.

Solution: Since u and v are orthogonal, their dot product is 0:
u-v=20
@)(=3)+(@)k)+(3)(6) =0
—24+4+2k+18=0
2k—6=0
k=3.
Thus, the vectors u = (8,2,3) and v = (—3,3,6) are orthogonal.
AR AKX

Example 7.4: Suppose vector u has magnitude 6. What is u - u?

Solution: Use the relationship u - u = |u|?. Since |u| = 6, thenu-u = 62 =
36.

L2RAR LR 2R 2R AN 2

Example 7.5: Let u = (—1,4,6) and v = (3,2, —4). Find all possible vectors w
that are orthogonal to both uw and v.

Solution: Let w = {x, v, z). Since w is orthogonal to u, and orthogonal to v, we
know thatu-w =0andv-w = 0.

—x+4y+6z=0
3x+2y—4z=0

u-w=>0 . .
vew =0 which gives

This is a system of two equations in three variables. Let x = t (a constant). Now
we have a system of two equations in two variables. Here, we eliminate the y
variable first:

(Multiply bottom) Sum the two
4y+6z=t row by -2 4y+6z=t ( equations )

2y —4z = -3t —4y + 8z = 6t 14z = 7t.
Thus, z :it. Using the equation 4y + 6z =t where z =%t, we obtain

4y + 6 G t) = t, which, after algebra, gives y = —%t. We now have vector w
identified:

[EN
B

= >—<t 1t1t>—t<1 !
w = x;y;Z - ) 2 12 - ) 252-
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There are infinitely many vectors w that are simultaneously orthogonal to u =
(—1,4,6) and v = (3,10, —2), and they are all scalar multiples of the vector

<1, - % %) or (2,—1,1) if we prefer a vector with integer components.

To verify, we show that the dot product of (2,—1,1) (or any non-zero scalar
multiple thereof) with u and with v is 0:

(2,-1,1) - (-1,46) = QD+ (D@ + (1)) =—2-4+6=0
and that
(2,-11)-32,-4 =R+ (- +1)(-4)=6-2-4=0
4cececece
Example 7.6: Let u = (1, —4,2). Find all possible vectors v orthogonal to u.
Solution: Let v = (x, y, z). Since u and v are orthogonal, we have u-v = 0:
(1,—4,2) - (x,y,z) = 0, whichgives x —4y+ 2z =0.

Let y = s and z = t. This is a system where x, y and z are written in terms of s
and t:

x =4s — 2t
y=Ss
z =1t.

Now, “zero-fill” so that columns are evident:

x=4s—2t x 4 -2
y =1s+ 0t which can be written as [y] =s|1/+¢]| 0 |
z=0s+ 1t z 0 1

Thus, any vector v that is orthogonal to u = (1, —4,2) is of the form
v = s(4,1,0) + t(—2,0,1).

Here, s and t are parameter variables, chosen independently of one another. For
example, if we arbitrarily let s = —4 and t = 9, we have

v = —4(4,1,0) + 9(—2,0,1) = (—16, —4,0) + (—18,0,9) = (—34, —4,9).
It is easy to verify that v = (—34, —4,9) is orthogonal to u = (1, —4,2):

(1,—4,2) - (—34,—4,9) = —34 + 16 + 18 = 0.
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Thus, we now have a “formula” that can generate all possible vectors Vv that are
orthogonal to u = (1, —4,2). Try it with any other choices of s and t.

L 2RAR BLIR 2R AR BRI 2

8. Projections

Given two vectors u and v, the orthogonal projection (or projection) of u onto
v is given by

u-v u-v
proj, u = ——v. (The expression —— is a scalar multiplier ofv.)
V'V Vv

Think of a right triangle: u is the hypotenuse, and

proj, u is the adjacent leg of the triangle that u
points in the direction of v. The opposite leg,

called norm, u, is found by vector summation:

norm, u

proj, u

Since  proj,u+norm,u=u, then normyu=u— proj, u.

Often, we need to write a vector u in terms of a vector parallel to v, and another
vector orthogonal (or normal) to v. This is called decomposition of a vector,
and is done using projections.

Take care to perform the projection operations in the correct order. When we
say “project U onto v, it is vector v that is being altered.

Example 8.1: Find the projection of u = (2,5) onto v = (4,1).
Solution: The projection of u onto v is

u-v o (2,5) - (4,1)
vov' (1) (41)
@@+ G
NOIOEIOIE

= 13(41) (3.06,0.76)
—17 y ~ . , U. .

proj, u = (4,1)

(4,1)
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v v v

proj, u
In the left image, vectors u and v are plotted. In the center image, a perpendicular is dropped

from u onto v. In the right image, proj, u is the vector “on” v that forms the adjacent
leg of a right triangle, with u as the hypotenuse.

L LR LR LR 2RI 4

Example 8.2: Decompose u = (2,5) into two vectors, one parallel to v = (4,1),
and another normal to v = (4,1).

Solution: The vector parallel to v is found by projecting u = (2,5) onto v =
(4,1). From the previous example, we have proj, u = 5(4,1). The vector
normal to v is found by vector subtraction

norm, u = u — proj, u
= (25) - = (41)
- ) 17 )

_< 18 72)
“\ 17’17

18
=—(-14).
—(-14)

Viewing this as a right triangle, proj, u = 5(4,1) and norm, u = g(—1,4)
are the two legs of a right triangle, with u = (2,5) being the hypotenuse.

L 2RAR LI 2R BRI 2

Example 8.3: Jimmy is standing at the point A = (1,2) and wants to visit his
friend who lives at the point B = (7,3), all units in miles. Jimmy starts walking
in the direction given by v = (4,1). If he continues to walk in this direction, he
will miss point B. Suppose Jimmy is allowed one right-angle turn. At what point
should Jimmy make this right angle turn so that he arrives at point B?

Solution: We sketch a diagram to get a sense of Jimmy’s location and direction
of travel, as well as to see where his right-angle turn should be made.
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::(4-,/11‘/; J v =(41) -

X X

Left: The sketch of Jimmy’s position vector, with his starting point at A, his intended finish point
B, and his direction vector v. Right: If Jimmy walks in the direction of v, he will bypass B.

The diagram suggests a right triangle, with the vector AB = (6,1) forming the
hypotenuse, and v = (4,1) defining the direction of the adjacent leg (relative to
Jimmy’s initial position). Thus, we find the projection of AB onto v:

AB-v
proj, AB = v

\'%
_(61)-(41)
R
_®M®W+mA)
BH® + (DA

25

(4.1)

(4,1)

This vector (4 1) = <100 25) can be placed so its foot is at A = (1,2). Thus,
its head will be at ( %,2 +E) (117 59) or about (6.88, 3.47), which

17 ~ 17
agrees well with the diagram. This is where Jimmy should make his right-angle
turn.

y y (6.88.3.47)
%
A AB = (6,1)

2
Jimmy will walk a distance of |proj, AB| = |<11070 i:>| = (%) + (ij) or

about 6.06 miles in the direction of v, and then walk |norm, AB| =

2
J(7 - ﬁ) + (3 - 2) , about 0.49 miles orthogonal to v.
17 17
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9. The Cross Product

Let u = (uy, up, uz) and v = (v, v,,v5) be two vectors in R3. The cross
product of u and v is denoted u X v and is defined by the formula

U XV = (UyV3 — UgVy, UgVy — Uy V3, Uy Vy — UpVg).
The cross product is a vector that is simultaneously orthogonal to u and to v.

(uxv)-u=0 and (uxv)-v=0.

Since it is easy to make a calculation error when finding the cross product, check
your work by showing the result is orthogonal with the two original vectors.

The calculation of the cross product is best memorized as the determinant of a
3 by 3 matrix:

i .
uxv=lu u] u _|u2 u3|._|u1 u3|_ |u1 u2|k
B GGG B 2R 7 v V3 Uy Ul

vy Uy U3

Don'’t forget the negative in front of the j term.

The cross product vector, u X v, points in a direction as defined by the “right
hand rule”. Curling one’s fingers on their right hand from u to v, the cross
product vector will point in the direction of the thumb pointing away from the
palm.

Some of the common properties of the cross product are:

Switching the order of the vectors results in a factor of —-1: uxv =
—(v X u). The cross product is hot commutative.

Scalars can be grouped to the front: cu X dv = cd(u X v).
Distributive property: u X (v+w) =uXv+uXxXw.

The magnitude of the cross product is |u X v| = [u||v| sin . It is the area
of the parallelogram formed by u and v.

A corollary to the last property is that if u and v are parallel, then u X v = 0.
If vectors u and v are in R?, then the cross product is defined if the vectors are
rewrittenas u = (u,, u,, 0) and v = (v;, v,, 0). In this case, the resultisu x v =

(0, 0, u1172 - uzvl).
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Example 9.1: In the image below, vectors u, v and w are drawn. State whether
the cross products (a) u X v, (b) u X w and (c) w X v are positive (coming out
of the paper), negative (going into the paper) or 0.

u
v
Solution: (a) Since u and v are parallel, u x v = 0; (b) Placing the feet of u and
w together, curl your fingers from u to w. Your thumb will point upwards, out
of the paper, so u X w is positive. (c) placing the feet of w and v together, you

have to invert your hand in order to curl your fingers from w towards v. Thus,
your thumb would point down, or into the paper, and w X v is negative.

EREREREX

Example 9.2: Letu = (—1,4,6) and v = (3,2, —4). Find u X v.
Solution: We have

ij
-1 4
3 2 —4
= (@D -@)i-(-DEH-ER)j+ (DR - @A)k
= —28i +14j — 14k, or (—28,14,—14).

k
6 1

uxv= =|‘2L _64|i—|’31 _64|j+|_3

3l

Check that this is correct by showing (u xv)-u=0and (uxv)- v = 0:

(uxv)-u=(—2814,—14) - (—1,4,6)
= (—28)(-1) + (14)(4) + (—14)(6)
=28 +56 — 84 = 0;
(uxv)-v=(-2814,—14)- (3,2, —4)
=(-28)(3) + (19)(2) + (=149 (-4)
= —84+28+56=0.

Thus, u X v =(—28,14,—14) is orthogonal tou and orthogonal to v. In
Example 7.5, we showed that there are infinitely many vectors that are

orthogonal to u = (—1,4,6) and v = (3,2, —4), all having the form ¢ (1, —%,%).
Note that (—28,14, —14) is one such vector, when t = —28.
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Example 9.3: Let u=(-1,4,6) and v = (3,2,—4). Find the area of the
parallelogram formed by u and v, then find the area of the triangle formed by u
and v.

Solution: From the previous example, we have u X v = (—28,14, —14). Thus,
the area of the parallelogram formed by u and v is

lux v| = |(—28,14, —14)|

=/(—28)% + 142 + (—14)?
=1+/1176, or about 34.29 units?.
The area of the triangle formed by u and v is half this quantity, 2\/1176, or
about 17.145 units?.
AR XXX

Example 9.4: Find the area of the triangle formed by the points A = (1,3, —2),
B = (4,0,3) and C = (6,—3,5).

Solution: We form two vectors from among the three points (any pair of vectors
will suffice). The vector from A to B is AB = (3, —3,5), and the vector from A
to Cis AC = (5,—6,7). The cross product of AB and AC is

i j Kk
ABxAC=|3 -3 5[=(94,-3).
5 —6 7

(Check that this is correct by verifying that (AB x AC) - AB = 0 and
(AB x AC) -AC = 0.)

The area of the triangle is half the magnitude of AB x AC:

Area = ;,/92 +42 + (=3)2 = §\/106 ~ 5.15 units?.

Other vectors formed from points A, B and C will work. For example, try this
with vectors BA and CB.
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10. The Scalar Triple Product

Let u = (uy, up, usz), v = (v;, v,,v3) and w = (w;, w,, w3) be three vectors in
R3. The scalar triple product of u, v and w is given by

Uy Uz U
V1 UV V3.
Wy Wy W3

u-(vxw) =

The scalar triple product is a scalar quantity. Its absolute value is the volume of
the parallelepiped (a “tilted” box) formed by u, v and w. The ordering of the
vectors is not important. For example,

u-(vxw), v (uxw), and w- (uxv),
result in values that differ by at most the factor —1.

L 2R LR 2R 2R AR 4

Example 10.1: Find the volume of the parallelepiped with sides represented by
the vectors u = (—1,3,2), v = (4,2, —-5) and w = (0, —3,1).

Solution: We have

-1 3 2
u-(vxw)=|4 2 =5
0 -3 1

=—1|_23 _15|—3|3 _15|+2|g —23|
=—-1(2-15)—3(4 - 0) +2(-12-0)
= -23.

Taking the absolute value, the volume is 23 cubic units.

AR XXX
Example 10.2: Four ordered triples, A = (3,2,1), B = (—2,5,4), C = (6,10,1)
and D = (0,7, —4) form a tetrahedron, a four-sided solid in which each face is

a triangle. Find the volume of this tetrahedron.

Solution: The volume of a tetrahedron is one-sixth the volume of a
parallelepiped. We find three vectors, and then find their scalar triple product.

AB = (-53,3), AC =(3,8,0), AD =(-3,5,—5).
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Next, we have:

-5 3 3
AB-(ACXAD)=|3 8 0 |=362.
-3 5 -5
Thus, the volume of the tetrahedron is % (362) = % =60 % cubic units.

L LR LR LR 2RI 4

Example 10.3: Find the volume of the parallelepiped with sides represented by
the vectors u = (2,1,3), v = (—5,2,1) and w = (—3,3,4). Interpret the result.

Solution: We have

2 1 3
u-(vxw)=|-5 2 1
-3 3 4

SR e I R B
=2(8-3)—(-20-(-3)) +3(-15 - (-6))
=2(5) — (=17) + 3(=9)

=10+ 17 — 27

= 0.

The volume of the parallelepiped formed by u, v and w is 0. The object has no
thickness, which would imply that the three vectors are coplanar (lying on a
common plane).

L LK LAK 2R AR LA 2
11. Work & Torque

Work is defined as force F (in Newtons) applied to move an object a distance
of d (in meters). It is the product of F and d:

W =Fd

The standard metric unit for work is Joules, which is equivalent to Newton-
meters.

If the force is not applied in the same direction that the object will move, then
we need to find the component of F (written now as a vector) that is parallel to
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the direction d, also now written as a vector. Placing the feet of F and d together,
the component of F in the direction of d is given by |F| cos 6. If |d| is the length
of vector d (not necessarily the distance moved by the object in the direction of
d), then the work is given by

W = |F||d| cos 6.

This is the dot product of F and d. Thus, work can be defined as a dot product,
W=F-d.

Work is a scalar value. It may be a negative value, which can be interpreted that
the object is moving against the force being applied to it. For example, walking
into a headwind at an angle.

t°0c°0c0ce
Example 11.1: A force of 10 Newtons is applied in the direction of (1,1) to an
object that moves in the direction of the positive x-axis for 5 meters. Find the

work performed on this object.

Solution: Using geometry, the component of the force in the direction of the
positive x-axis is |F| cos G) =10 (g) = 5v/2. The object moves 5 meters, so
the work performed is

W = Fd = (5v2)(5) = 25V2 Joules.

Using vectors, the force vector is F = <$—;1—é> and the direction vector is d =
(5,0). Thus, the work performed is
10 10 50 V2
W=F-d=(—=,—=) (50 =—== 50(—) = 25v2 Joules.
<«z «/§> vz~ \z ]

Example 11.2: A force of 50 N is applied in the direction of the positive x-axis,
moving an object 10 meters up an inclined plane of 30 degrees. Find the work.

Solution: Using geometry, the component of the force that is parallel to the
inclined ramp is 50 cos 30 = 50 (g) = 25+/3 N. This component of the force
moves the object 10 m, so the total work performed is

W = Fd = (25V3)(10) = 2503 Joules.
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Using vectors, the force is given by F = (50,0) while the 10-mtere ramp
inclined at 30 degrees has is described by the vector d = (10 cos 30, 10 sin 30).
Thus the work performed is

W=F-d
= (50,0) - (10 cos 30,10 sin 30)
= 500cos 30
= 250v/3 Joules.

L LR LR LR 2RI 4

Torque describes the force resulting from a pivoting motion. For example,
when a wrench is turned around a pivot point (e.g. a bolt), it creates a force in
the direction of the bolt. If the wrench is described as a vector r (where the
length of the wrench is |r|) and the force applied to the wrench as another vector
F (with magnitude |F|), then the torque 7 (tau) is orthogonal to both r and F,
defined by the cross product:

T=rXF.

This means that torque t is a vector. However, if both r and F lie in the xy-plane,
then 7 is a vector of the form (0,0, k), and its magnitude is |t| = k. This scalar
value is usually given as the torque in place of its vector form.

It makes intuitive sense that the force F applied to a wrench r (or anything that
turns on a pivot) should be orthogonal to r. If F is not orthogonal to r, then we
look for the component of F that is orthogonal to r. This component of F is what
“turns the wrench”, so to speak.

In the following images, vectors r and F are both drawn with their feet at a
common point, the pivot point. The angle between r and F is 8. Naturally, we
would not apply the force F at the pivot itself. Recall that a vector can be moved
at will, so we locate F so that its foot is at r’s head. Now we look for the
component of the magnitude of F that is orthogonal to r. We see that it is
|F| sin 6. If |r]| is the length of the wrench, then the area given by |F||r| sin 8 is
interpreted as the torque, as a scalar. This is |t| = |r X F|.

o

Pivot

Pivot
Left: Initial configuration. Right: F has been moved to r’s head,
and the component orthogonal to r is identified.
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Also note that in this example, r X F points out of the page. This force F will
turn r in a counter-clockwise direction, and in the usual sense of a wrench
turning a bolt, this will loosen the bolt — i.e. it will emerge from this page.

Since F is in Newtons, then r must be in meters to maintain consistency in units.
The units for torque are Newton-meters, abbreviated Nm.

L 2RAR BLIR 2R BRI 2

Example 11.3: Find the torque around the pivot shown in the following
diagram.

[F|=7N

|r|=25cm

Solution: We convert the magnitude of r into meters. Thus, the torque is

|r X F|

|F||r| sin 8

= (7)(0.25)sin32°  (25cm = 0.25 m)
= 0.927 Nm.

|7l

L 2R LR 2R 2R 4

Example 11.4: Find the torque around the pivot shown in the following
diagram.

|[F|=12 N

Solution: Note the position of the force vector F relative to r. Although it is
reasonable to assume that to turn r around its pivot, we would apply the force F
at its head, the angle given in the diagram must be handled carefully. The desired
angle 6 is defined by placing the feet of F and r at a common point. In other
words, the equation |z| = |F||r|sin & = (12)(0.5) sin 160° is incorrect.

Instead, redraw the diagram slightly, placing the foot of F at the pivot:
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|F|=12 N

The desired angle is 20°. Thus, the torque is |z| = |F||r|sin6 =
(12)(0.5) sin 20° ~ 2.05 Nm.

L 2RAR LR 2R BRI 2

See an error? Have a suggestion?
Please see www.surgent.net/vcbook
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