50. Surface Area Integrals

Let r(u, v) = (x(u, v), y(u, v), z(u, v)) parametrically describe a surface S in R3. Then its surface
area over a region of integration R is given by

[ as= [ txnian

If the surface is defined explicitly, in of the form z = f(x, y), then the surface can be parametrized
as

r(x,y) = (x5, f(xy)).
Its partial derivatives are
r, =(10,fx(x¥)) and 1, =(0,1,f,(x,y)).
The cross product is
re X1y, = (=f(x, y), = f,(x, y),1),

and the magnitude of this cross product is

x| = J(A G+ (<h ) +12= (@) + (e n) +1.

Thus, in the case of a surface being described by an explicitly-defined function, the surface area
of the surface S over a region of integration R is

US a5 = HR \/(fx(x:y))z +(f,0 )" + 1dx dy.
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Example 50.1: Find the surface area of the plane with intercepts (6,0,0), (0,4,0) and (0,0,10) that
is in the first octant.

Solution: The plane’s equation is E + % + % = 1,0r 10x + 15y + 6z = 60. Below is a sketch of
the surface S, the plane in the first octant, and its region of integration R in the xy-plane:

Z

(0.0.10)

Solving for z, we have z = 10 — gx — ;3’- Therefore, the plane can be written parametrically:

( )_< 10 5 5>
r(x,y) =(x,y, 3x Zy.

Its partial derivatives are r,, = <1,0, - §> andr, = <0,1, —§> and the cross product is
5
3 J

5
rxxry=< §,1>.

Therefore, the magnitude is

5\2  /5\° , 361 19
mxnl=(5) () 1= 3 =%

[ =], xstan= 2] an

Note that ff, dA is the area of the region of integration R, which is the “shadow” cast by the plane
onto the xy-plane, which in this case is a triangle. Using geometry, R’s area is % (6)(4) = 12.Thus,
the surface area of the plane z = 10 — gx - gy in the first octant is 1?9 (12) = 38 square units.

The surface area is
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Example 50.2: Find the surface area of the portion of the paraboloid z = 9 — x? — y? that extends
above the xy-plane.

Solution: The paraboloid is described parametrically by r(x,y) = (x,y,9 — x? — y?), and its
partial derivatives are r, = (1,0, —2x) and r,, = (0,1, —2y). Therefore, their cross product is

rx X ry = (Zx) 2)’; 1>;

and the magnitude of the cross product is

Ity x| =V (20)2 + (2y)2 + 12 = J4x2 + 4y2 + 1.
The paraboloid intersects the xy-plane (z = 0) at a circle of radius 3, centered at the origin, so that

the region of integration R is given by x? + y? < 9. Therefore, the surface area of the paraboloid
z = 9 — x? — y? that extends above the xy-plane is given by

ﬂ d5=ﬂ J4x2? + 4y? + 1dA.
S R

In rectangular coordinates, this is a difficult integrand to antidifferentiate. Instead, we use polar
coordinates to rewrite this surface-area integral in terms of r and 6:

2w 3
ff J4x2+4y2+1dA=f f\/4r2+1rdrd9.
R 0 0

The inside integral is evaluated first:

3 1 3
f Var2+1rdr = [—(4r2 + 1)3/2]
0 12 0
1
=— (3732 -1).
Then, the outside integral is evaluated to find the surface area:

1 2m T
E(373/2 — 1)f do = g(373/2 — 1), or about 117.32 units?.
0
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Example 50.3: Find the surface area of the hemisphere x? + y2 + z? = 25 such that x > 0.

Solution: We can write this explicitly by solving for x:

x=f(y,z)=+25—-y%?—2z2

Thus, the hemisphere is parameterized as
r(y,z) = (25 —y? —z2%,y,z).

The partial derivatives are found first:

I.

z
= (- Y ,1,0) and r, =(— ,0,1).
V25 —y?—2z2 V25 —y?—2z?

The cross product is then determined:

r, Xr, =(1, 4 ) 2 .
V25 —y2 —z2 \J25 —y2 — 72

Then the magnitude of the cross product is determined and simplified:

2 Z 2
Ity x x| = 12+</ : >+< )
25—y —2z2 V25 —y% —2z?2

72
25 y —ZZ—|_25—yZ—Z2

25 —y? —Z2 y? N 7?2
25 —y2 —z2 25—yz—z2 25 —y? —z?

25 — y —z2+y2+ 22
—y?—z?

w/25—y —zZ
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Thus, the surface area of the hemisphere is

5
Il dA
R /25 —y?—2z2

where R is the region of integration on the yz-plane, a circle of radius 5 centered at the origin. We
rewrite this integral in terms of r and 9:

1
Sf f ——F rdrdog.
0 0 V25—T‘2

The inside integral is evaluated using u-du substitution:

f mrdr—[ \/25—7”]

Then the outer integral is evaluated:
21
5(5)f d6 = 25(2m) = 507 units?.
0

Note that the surface area of a sphere of radius r is A = 4nr2. Thus, the surface area of a
hemisphere of radius 5 is %(471(5)2) = 507. An alternative method of this example using
spherical coordinates is presented next.

L AR LK 22K 2R 4

Example 50.4: Use spherical coordinates to find the surface area of x2 + y? + z? = 25 where
x = 0.

Solution: Since the hemisphere lies “above” the yz-plane. Thus, when describing this hemisphere
in spherical coordinates, the variable ¢ will be reckoned from the positive x-axis, such that ¢ = 0

is the positive x-axis and ¢ = g is the yz-plane. The radius is fixed, so p = 5. The conversions are:
x=5cos¢p, y=5sin¢pcosf, z=>5singsind.
Thus, we can describe the parameterize the hemisphere using variables ¢ and 6:
r(¢,0) =(5cos¢,5sin¢pcosh,5singsinf ), where 0<¢ Sg and 0<60 <2m.
The partial derivatives are

ry =(—5sin¢,5cos¢pcosf,5cospsinf) and ry = (0,—5sin¢psind,5sin ¢ cosb).
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The cross product looks intimidating, but trigonometric identities will help simplify it:

i j k
ry Xrg =|—=5sin¢ 5Scos¢pcosf 5Scos¢sinb
0 —5singsin@ 5sin¢ cosf

_|5cos¢cos€ 5cos¢sin9__|—55in¢ 5cos¢sing|, |—55in¢> 5cos ¢ cos
" |-5sin¢gsinf® 5sin¢ cosf ! 0 5sin¢ cos 8 0 —5sin¢sinf

= (25 cos ¢ sin ¢ cos? 8 + 25 cos ¢ sin ¢ sin? 8)i — (—25 sin? ¢ cos 8)j + (25 sin? ¢ sin )k
= (25 cos ¢ sin ¢)i + (25 sin? ¢ cos B)j + (25 sin? ¢ sin H)k

The magnitude is found next:

|r¢ X 1g| = (25 cos ¢ sin ¢)2 + (25 sin? ¢ cos 6)2 + (25 sin ¢ sin §)2
= /625(cos? ¢ sin? ¢ + sin* ¢ cos? 6 + sin* ¢ sinZ @)
= 25./cos2 ¢ sin2 ¢ + sin* ¢ (cos? 6 + sinZ @)
= 25./cos2 ¢ sin2 ¢ + sin* ¢
= 25,/sin2 ¢ (cos? ¢ + sin? ¢)
= 25,/sin? ¢
= 25sin ¢.

Therefore, the surface area of the hemisphere is

21 /2
j j 25sin¢ d¢ do.
o Jo

The inside integral is evaluated:

/2
J 25sin¢ d¢ = [—25 cos ¢]/?
0
= -25 (cos% — cos O)

= —25(0-1)
= 25.

Then, the integral with respect to 8 is evaluated:
21
f 25 df = 25(2m) = 50m7.
0
AR RN
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Example 50.5: A circular cylinder x2 + y2 = 36 intersects the plane x + z = 10. Find the surface
area of this plane that is cut off by the cylinder, and then find the surface area of the cylinder that
is bounded below by the xy-plane and above by the plane x + z = 10.

z

x+z=10

Solution: For the plane x + z = 10, we solve for z, getting z = 10 — x. Thus, the plane is
parametrized by

r(x,y) = (x,y,10 — x).

Note that we use y as a parameter since the plane does extend into the y direction, even though
values of y do not govern the values of z. (If it helps, think of the plane as x + 0y + z = 10).

The partial derivatives are r,, = (1,0, —1) and r,, = (0,1,0), and their cross product is
I XTI, = (1,0,1),

with magnitude |r, x r,| = V2. Thus, the surface area of the plane is

HR |rx><ry|dA=\/§UR dA,

where [f. dA is the area of the region of integration R. Since R is a circle of radius 6, we have
Jf,, dA = 36m, so that the surface area of the plane is 36v2 units’.
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The surface area of the cylinder bounded by the xy-plane (z = 0) and the plane x 4+ z = 10 (written
z=10-x=10 — 6 cos #) is found in a similar manner. First, we parametrize the cylinder:

r(6,z) =(6cos0,6sinf,z), where 0<6 <2m and 0<z<10-—6cos8.
The partial derivatives are ry = (—6sin 8,6 cos8,0) and r, = (0,0,1), and their cross product is
rg Xr, =(6cosf,6sinfd,0).

The magnitude of the cross product is

Irg X r,| = \/(6 cos0)2 + (6sin6)2 + 02
= \/36(cos2 6§ + sinZ 9)
=36
= 6.

Thus, the surface area of the cylinder is

2w »10—6cos 6 2w ~10—6cos 6
f f 6dzdf = 6f f dz do
0 0 0 0

21
=6f (10 —6cosh) do
0

= 6[100 — 6sin 0]3"

= 1207 units?.
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Example 50.6: Find the surface area of the cone z = /x? + y? where 1 < z < 4. This is called a
band. The solid formed by removing the apex from any conical or pyramidal object is called a
frustum.

R T~y

Solution: We have

r(x,y) = (x,y,4/x? + y?).
We will determine the bounds of integration in a moment.

The partial derivatives are

X
r, =(1,0,——=) and r, =(0,1

y—).
xZ +y2 /xZ +y2

The cross product is

i j k
X
1 0 —/—/m—
rxxryz w/x2+y2
0 1 L
x2+y
0
_ x2+y \/x2+y +| Olk
0 1
1
x2+y x2+y
= - jt+k

x/xz ez \/xz +y?
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The magnitude is

Ir, x 1| =

2 2
y
t——] +12
x2+y ( \/x2+y2>

2
1
\/x2+y x2+y +

2 x2+y2
+
x2+y x2+y x% +y?

Pty xt+y?
x% + y?

2(x% +y?)
x? + y?

3

The region of integration R is the area between two concentric circles, one of radius 1 and the other
of radius 4. This is the “shadow” cast by the side of the conical band onto the xy-plane. Thus, the

surface area of the band on the cone z = \/x2 + y2 where 1 < z < 4 is given by

ffR x/EdAzx/iffR dA

=V2(r(4)? — n(1)?)
= 1572 units?.

We used geometry to determine the area between the two circles, represented by | fR dA.
In the following example, this problem is evaluated again using cylindrical coordinates.
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Example 50.7: Use cylindrical coordinates to find the surface area of the cone z = /x? + y?
where 1 < z < 4.

Solution: In rectangular coordinates, the cone is parameterized as

r(x,y) = (x,y,yx* + y?).

Letting x = r cos 6 and y = rsin 6, we have

r(r,0) = (rcosH,rsinH,\/(rcos 6)% + (rsinf)?) = (rcos@,rsinf,r).
Theboundsare1 <r <4and0 <6 < 2m.
The partial derivatives are
rg = (—rsinf,rcosf,0) and r, = (cos@,sinf,1).

The cross product is

i j k
I'g XI' = |—rsinf rcosf@ O
cos sinf 1

=(rcos8,rsinf,—rsin? @ — r cos? 0)

=(rcos@,rsin@,—r).

The magnitude is

ro X 1| =/ (r cos0)2 + (rsin 6)2 + (—1)2
= \/r2(cos2 6 + sin2 B) + 12
_
=rv2.
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The surface area is given by

2w 4
ff Irg X 1| dAzf fr\/fdrde
R o J1

21T 4
=\/Ef frdrde
0 1

27r1,.24
=«/§f I—l do

0 21

27r15
=«/§f — de
0 2

15 21
=—\/§f do
2 0

= 12—5\/5(271)

= 1572 units?.
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Example 50.8: Find the surface area of r(u,v) = (u + v,u — v, 2uv) over the circular region
u? +v? <09,

Solution: Taking partial derivatives of r, we have
r,(u,v) =(1,1,2v) and r,(u,v)=(1,—1,2u).

Thus, r, X 1, = (2u + 2v, 2v — 2u, —2), and its magnitude is

Ir, X 1,| =/ u + 2v)2 + (2v — 2u)? + (=2)2

= 4u? + 8uv + 4v2 + 4v? — Buv + 4u? + 4

=4 + 8u? + 8v2.

The surface area is given by

ff |r, X r,| dAsz V4 + 8u? + 8v2 du dv.
R R
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Converting to polar coordinates, and noting that the region of integration is inside a circle of radius
3, we have

2w 3
.ff V4 + 8u? + 8v? dudvzf f\/4+8r2rdrd9.
R o Jo

The inside integral is evaluated:

3

3 1 1
4 2 =[_4 23/2] — 2 (763/2_g)
fO\/ +8r2rdr 24( + 8r?) i 24( 6 8)

The outside integral is then evaluated:

2T 1 3/2 1 3/2 2T
fo <ﬁ(76 —8)) do =ﬁ(76 —s)fo do

= %(763/2 —8)

~ 171.36 units?.
®°0°0° o

The generic form of the surface-area integral (in parameters u and v), | fR |r, X r,| dA, does not

distinguish whether u and v are rectangular, polar, cylindrical or spherical coordinates. Thus, the
area differential is always dA = du dv.

In some examples, we used a non-rectangular coordinate system to set up the integral. In such a
case, we do not write in the usual Jacobian associated with that system. See Examples 50.4 and
50.7 for two such cases.

However, if after setting it up in a particular coordinate system, we decide to integrate it in a

different coordinate system, then we must make all the necessary substitutions and then include
the Jacobian. See Examples 50.2 and 50.8 for two such cases where we did include the Jacobian.
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